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Abstract— We analyze a call center with multiclass calls
and dynamic priority service discipline, in which a lower
priority customer becomes high priority when its waiting
time exceeds a given service level threshold. For each
priority queue, the service discipline is ﬁrst come, ﬁrst
served. Based on a ﬂuid approximation of the system, we
apply inﬁnitesimal perturbation analysis (IPA) to derive
estimators for the derivative of the queue lengths with
respect to the threshold parameter. We establish unbiasedness of the estimators, and report numerical results via
simulation.

I. I NTRODUCTION
A call center is a network of customer service representatives and the physical infrastructure needed to
provide services to customers from remote sources. In
traditional call centers, customers access the call center
by talking to customer service representatives directly
over the phone. However, modern call centers have
become more complicated, both in size and in operational complexity, allowing additional communication
channels, e.g., automatic answering systems, e-mails,
faxes. Along with the added complexity, more demanding service requirements have created new challenges
in modeling, analysis, and design of call centers. As an
alternative to the traditional modeling approach using
discrete queueing models, ﬂuid models provide a simpler
and more efﬁcient approach for performance evaluation. In order to capture the stochastic characteristic of
queueing networks, the idea of stochastic ﬂuid models
(SFMs) was introduced by Anick, D.Mitra, and Sondhi
[4], which has been followed by many developments
in queueing network analysis, such as the stability of
queuing networks (see [10], [11], [14] and [15]) and
ﬂuid approximations of multiclass queueing networks
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(see [6], [7], [8] and [9]). The ﬂuid model can provide a
ﬁrst-order approximation of the corresponding queueing
system, leading to heuristics for controlling and scheduling communication networks or manufacturing systems.
In call center systems, quality of service (QoS) is a
critical measure of performance. For example, in [20],
the objective of the call center management is that 80%
of the calls are answered within 20 seconds, and no
more than 3% of the calls are abandoned before reaching
a representative. However, modern call centers have
multiple classes of customers, e.g., live calls, e-mail,
and fax, along with “preferred” or “elite” customers,
for which the QoS requirements are more demanding.
In order to guarantee differentiated QoS requirements
for multiple classes of customers, different queueing
disciplines may be required (see [18], [12] and [13] for
priority ﬂuid models, [9] for a process-sharing model,
and [1], [17] for ﬁrst come, ﬁrst served).
Strict priority is often used to classify customer
classes in call centers, in order to meet the more
stringent requirements of high priority customers. However, during periods of heavy trafﬁc, this may lead to
difﬁculties in meeting the QoS requirements for the
lower priority customers, i.e., the waiting times for lower
priority customers may become unacceptably large. With
this in mind, many call centers have adopted dynamic
priorities, in order to avoid excessive waiting for the
low priority customers. One of the simplest versions
is to upgrade a low priority customer to a higher
priority if its waiting time exceeds some service level
threshold θ. This would decrease the average waiting
time of the low priority customers at the cost of some
increase for high priority customers, but by choosing
the parameter θ appropriately, the overall QoS may be
improved. A ﬂuid model for this type of call center
is ﬁrst introduced in [2], where the threshold is an
exponentially distributed random variable, and not a
ﬁxed constant. As a result, the model is Markovian,
and results from [6] and [7] can be applied. In this
paper, we develop a ﬂuid model of the dynamic priority
call center for the case where the threshold is a ﬁxed
constant. In addition to developing estimators for the
average queue lengths (or average waiting time), we also
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derive estimators for the sensitivity of the performance
measure with respect to the threshold parameter θ using
inﬁnitesimal perturbation analysis (IPA). The dynamic
priority makes this ﬂuid model quite different from
previous ﬂuid models in the literature. This uniqueness
makes this problem very interesting from the perspective
of sample path analysis, which yields some insightful
properties. Moreover, by simulation, we see that this
ﬂuid model is a good approximation of the call center of
interest when the arrival rate and service rate are scaled
up proportionally.
The remainder of this paper is organized as follows.
In section 2, we introduce the discrete model of the dynamic priority call center and develop the corresponding
ﬂuid model. In section 3, we derive the IPA estimators
of the queue lengths with respect to the waiting time
threshold. In section 4, we prove the unbiasedness of the
estimators. Numerical results and computational results
are reported in section 5, followed by conclusions and
future work in section 6.
II. F LUID M ODEL FOR A DYNAMIC P RIORITY C ALL
C ENTER
For the purpose of performance analysis, call centers
have been traditionally modeled as the discrete queuing
networks. However, for more complicated system, the
analysis of the queuing networks is not only inefﬁcient
but also intractable. A reasonable direction is to provide tractable “relaxations” of the problem via higher
abstraction level models that are simple, e.g., the ﬂuid
model approach we take here.
The dynamic priority call center under consideration,
introduced in [2], consists of two classes of arriving
customers: low priority customers and high priority
customers, who have preemptive-resume priority over
the low priority customers. A low priority call that has
not completed service within a given amount of time
(namely, the service level threshold θ) is upgraded to
the higher priority. Thus, the low priority customers have
dynamic priority.
In [2], under the assumption that the threshold θ is exponentially distributed, a ﬂuid approximation of this call
center is given, and the performance of the ﬂuid model
is compared with the actual performance, estimated by
discrete event simulation. This assumption simpliﬁes the
analysis because it leads to a Markovian model, whose
limit is the ﬂuid model developed in [2]. However,
this assumption allows later arriving customers of the
same low priority class to overtake earlier customers.
In most call centers, customers with the same priority
are served in the sequence they enter the system, so
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Fluid model of call center with dynamic priority

we use ﬁrst come, ﬁrst served queueing discipline for
customers within each priority class. Most importantly,
we take the service level threshold θ to be a constant.
One key problem in call center design is to determine
an appropriate value for the threshold parameter θ.
Using a deterministic threshold leads to a nonMarkovian system, which makes the ﬂuid model more
complicated. A diagram of the call center ﬂuid model
is shown in Fig.1. We assume inﬁnite capacity for both
buffers. Denote the class 1 (high priority) arrival rate at
time t by r1 (t), the class 2 (low priority) arrival rate
at time t by r2 (t), let C be the maximum outﬂow rate
(service rate), and assume r1 (t) = C.w.p.1, so that when
the 1st buffer is empty and r2 (t) = 0, there must be
some service that is allocated to the 2nd buffer. We can
normalize the maximum outﬂow rate of ﬂuid server C
as 1. The ﬂow in the 2nd buffer will enter the end of the
1st buffer after its waiting time exceeds the threshold θ,
which is a constant. Let f2 (t) be the ﬂow rate from the
2nd buffer to the 1st one. The service will be allocated
only to the 1st buffer if it is not empty, and will allocate
the remaining capacity to the 2nd buffer otherwise. Let
X1 (t) and X2 (t) be the total queue lengths of the 1st
and 2nd buffer at time t, respectively, with c1 (t) and
c2 (t) the corresponding service rates. Let X11 (t) and
X12 (t) be the queue lengths of the respective class 1
and upgraded class 2 ﬂows in the 1st buffer at time t,
with c11 (t) and c21 (t) the corresponding service rates. Our
goal is to estimate the average ﬂow lengths of class 1
and 2 customers in each buffer.

A. Dynamic Equations of the Fluid Model
Before we formulate the dynamic equations, we note
that in the 1st buffer, typically there are two classes
of customers: high priority customers and upgraded
low priority customers. Since the queue discipline is
ﬁrst-come, ﬁrst-served, it is necessary to capture the
characteristics of a ﬁrst-in, ﬁrst-out (FIFO) ﬂuid model.
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r1(t)

For the FIFO ﬂuid model (e.g., see [1]), we have
c11 (t + W1 (t))

=

c21 (t + W1 (t))

=

r1 (t)
c1 (t + W1 (t)), (1)
r1 (t) + f2 (t)
f2 (t)
c1 (t + W1 (t)), (2)
r1 (t) + f2 (t)

where W1 (t) = X1 (t)/C.
The basic dynamics of the ﬂuid model are described
by the following equations:
 t
(r1 (s) + f2 (s) − c1 (s))ds,
X1 (t) =X1 (0) +
0 t
(r2 (s) − f2 (s) − c2 (s))ds,
X2 (t) =X2 (0) +
0
 t
X11 (t) =X11 (0) +
(r1 (s) − c11 (s))ds,
0 t
2
2
X1 (t) =X1 (0) +
(f2 (s) − c21 (s))ds,
0

C
if X1 (t) = 0,
c1 (t) =
r1 (t) otherwise,
(Note that if X1 (t) = 0, f2 (t) = 0.)
⎧
⎪
if X1 (t) = 0,
⎨0
c2 (t) = C − r1 (t) if X1 (t) = 0 X2 (t) = 0,
⎪
⎩
otherwise.
r2 (t)
(3)
Next we try to express f2 (t) in terms of the other
known functions. Consider the class 2 ﬂow entering
the 2nd buffer at time period (t, t + dt), where dt is
small enough to guarantee that this small amount of ﬂow
r2 (t)dt will be served in the same buffer w.p.1. Let τ (t)
be the system time (waiting time plus service time) of
this small amount of ﬂow r2 (t)dt. This ﬂow has two
ways to be served: it receives service from buffer 2 at
time t + τ (t), so that τ (t) < θ, or it receives service in
buffer 1 at time t + τ (t), and τ (t) > θ:

τ
τ ≤ θ,
(4)
τ (t) =
X1 (t + θ)
τ > θ,
θ+
C
where
τ
=
inf {a
:
a
=
a≥0
 t+a
X1 (t) + t r1 (s)ds + X2 (t)
}. The condition in
C
(4) indicates whether or not a class 2 customer arriving
at t would be upgraded at t + θ.
We denote the function g(t, θ) to be the g(t) in the
sample path under the parameter θ. Thus, we have
f2 (t, θ) = r2 (t − θ)1 {τ (t − θ, θ) > θ} .

(5)

t1

r2(t)

t2

t3 t4

t5

t6

t

t

X1(t)

t7

t

t8

t

X2(t)

Fig. 2.

A typical sample path of this ﬂuid model

This ﬂuid model is described mathematically by (1)(5), from which we can generate sample paths of the
system. In the next section, we will use inﬁnitesimal perturbation analysis (IPA) to derive sample path derivative
estimators of the queue lengths with respected to the
service level threshold θ.
III. I NFINITESIMAL P ERTURBATION A NALYSIS
Inﬁnitesimal perturbation analysis (IPA) (see [5]) was
applied to stochastic ﬂuid models in [3] and [16], in
which a simple threshold-based buffer control policy was
proposed. In the ﬂuid model of the dynamic priority call
center, we can control system performance metrics like
queue length by adjusting the service level threshold θ.
The goal of this section is to estimate the derivative of
the queue lengths with respect to the parameter θ.
For simplicity, the following assumptions are made:
r1 (t) is piecewise continuous, r2 (t) is piecewise constant, and both are bounded from above.
For the function g(t, θ), we deﬁne
∆g(t, θ) = g(t, θ + ∆θ) − g(t, θ) = ḡ(t) − g(t),
where g(t, θ) is the parametric function in the original
sample path, and g(t, θ + ∆θ)(or ḡ(t)) denotes the one
in the perturbed sample path. Then ∆g(t, θ) is the
difference between the two.
For illustrative purpose, we present in Fig.2 a sample
path of the ﬂuid system in which both r1 (t) and r2 (t) are
ON-OFF processes. Let r1 (resp. r2 ) be the inﬂow rate
of r1 (t) (resp. r2 (t)) when it is in ON state. In OFF state,
both r1 (t) and r2 (t) are equal to zero. For simplicity,
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we assume r1 > C > r2 (recall C is the constant service
rate). In the sample path shown in Fig.2, at time θ, the
ﬂow that enters the 2nd queue at time 0 still remains in
the 2nd queue; therefore, it is upgraded and is moved to
the end of the 1st queue. This implies that the upgrading
rate at time θ is equal to r2 (0), i.e., the inﬂow rate of the
2nd queue at time 0. This delay effect causes the drift
rate (inﬂow rate - outﬂow rate) changes for both queues
at time θ. For the same reason we conclude that the
ﬂow entering the 2nd queue during period (0, t3 ) will
be upgraded during period (θ, t3 + θ), while the ﬂow
entering at time t4 will be upgraded at time t4 + θ. And
during period (t3 + θ, t4 + θ), no ﬂow will be upgraded.
After time t7 , as the 1st queue becomes empty and its
source is in OFF state, the server can serve the 2nd
queue at its full capacity, therefore there is no upgrading
during (t7 , t8 ).
At time t6 , the source of the 2nd queue switches to
ON state, but the queue remains empty until t2 , when the
source of the 1st queue switches to ON state. Obviously,
the ﬂow in the 2nd queue that is not being served from
time t2 will be upgraded at t2 + θ.
We deﬁne the Busy Period (BP ) as an interval in
which the queue length is not 0, and Empty Period
(EP ) otherwise. From now on, unless otherwise noted,
the BP (or EP ) is deﬁned for the system, i.e., BP is
the period in which at lease one queue length is not 0.
Deﬁne the Full Period (F P ) as an interval of BP , in
which the 2nd buffer is forwarding the ﬂow into the
1st buffer, and None Full Period (N F P ) otherwise. For
instance, in Fig.2, (0, t8 ) is a BP , (t8 , t2 ) is a EP .
(θ, t3 + θ) and (t4 + θ, t7 ) are 2 F P s, while the other
periods are N F P s. Consider a typical sample path,
which is composed of alterntating BP s and EP s. As
t
X(t) = 0 r1 (s) + r2 (s) − c(s)ds, which is independent
of the threshold θ, so the BP s and EP s are independent
of θ, e.g., in Fig.2, t8 is independent of θ. Therefore,
no perturbation of θ could be propagated from one BP
to another. So typically, we only need to consider one
BP , starting with the end of the previous EP . This BP
may consist of several F P s and N F P s.
Next consider the time when an F P ends. There are
two possibilities that could cause the ending of an F P :
1. X1 (t) becomes 0 at time t, e.g., t7 in Fig.2. It is
obvious that F P ends at time t. After time t, the system
is back to N F P , so that θ will have no effect on the
buffer contents until the end of this BP or the beginning
of the next F P in the same BP , whichever starts ﬁrst.
2. At time t, r2 (t− −θ) = 0 and r2 (t+ −θ) = 0. Then
at time t, even if X1 (t) is not 0, the 2nd class ﬂow that
enters the system later than t − θ has not reached the

service level threshold θ, so no ﬂow at the 2nd buffer is
upgraded to the 1st buffer, then F P ends. For example
in Fig.2, at time t3 + θ, F P ends and the ﬂow entering
the 2nd queue at time t4 can only be upgraded at time
t4 + θ. This effect causes the N F P (t3 + θ, t4 + θ).
For the ﬁrst case, during the following N F P period,
θ has no effect on the queue lengths, until the next F P
starts. For the second case, although r2 (t) becomes 0 at
t − θ, we treat the system as if the F P does not end,
i.e., the ﬂow rate at t+ − θ is r2 (t+ − θ) = 0, and this
zero rate ﬂow enters the low priority buffer, waits for the
service, and is then upgraded to the high priority buffer
at time t. E.g, in Fig.2, during (t3 , t4 ), the ﬂow (with
rate r2 (t) = 0) enters the 2nd queue, and is upgraded
to the 1st queue during (t3 + θ, t4 + θ). Then (θ, t7 )
becomes an F P in the current BP . This eliminates the
second case that causes the end of F P , without affecting
the analytical and numerical results of the model.
Based on the above discussions, each F P starts with
the ﬂow from the 2nd queue being upgraded and ends
when the 1st queue becomes empty. The perturbation
of θ won’t be propagated from one F P to another.
Hence, for the purpose of our perturbation analysis,
when considering the time t in a typical BP , we can
focus on the most recent F P in the same BP , since
each F P is independent of the others in the sample
path. Without loss of generality, we assume (0, t) does
not contain the end of the F P . Additionally, we denote
the F P as the F P of the perturbed sample path. We now
state the following results (their proofs can be found in
[21])
Lemma 1 X(t) is a continuous function on t, and
independent of θ.
Lemma 2 For small enough ∆θ, w.p.1, ∆f2 (t) is 0 for
all the other t except for the period (F P ∩ N F P ) ∪
(N F P ∩ F P ).
Theorem 1 The sample derivatives of X1 (t, θ) and
X2 (t, θ) with respect to θ satisfy:

−r2 (z − θ) if t ∈ F P,
∂X1 (t, θ)
=
∂θ
0
otherwise,

r2 (z − θ) if t ∈ F P,
∂X2 (t, θ)
=
∂θ
0
otherwise,

(6)
(7)

where z is the starting time point of the F P that time
t belongs to.

2307

θ
0.5

Theorem 2 The sample derivatives of X11 (t) and X12 (t)
satisfy
⎧
−r2 (z − θ)c11 (t)
1
∂X1 (t, θ) ⎨
if t > z + X1 (z) and t ∈ F P
=
⎩
∂θ
0
otherwise,
(8)
⎧
2
−r
(z
−
θ)c
(t)
⎪
2
1
⎪
⎪
⎪
if t > z + X1 (z) and t ∈ F P
⎨
2
∂X1 (t, θ)
−r2 (z − θ)
=
⎪
∂θ
⎪
if t < z + X1 (z) and t ∈ F P,
⎪
⎪
⎩
0
otherwise.
(9)
where z is the starting time point of the F P that time

1

1.5

2

class
1st
upgrade
2nd
1st
upgrade
2nd
1st
upgrade
2nd
1st
upgrade
2nd

2nd

2nd

2nd

2nd

IPA Result
-0.698(±0.012)
-0.175(±0.008)
0.873(±0.002)
-0.692(±0.017)
-0.173(±0.010)
0.866(±0.002)
-0.664(±0.018)
-0.166(±0.004)
0.830(±0.003)
-0.680(±0.010)
-0.170(±0.006)
0.850(±0.003)

Finite difference
-0.696(±0.009)
-0.177(±0.012)
0.873(±0.002)
-0.689(±0.17)
-0.176(±0.009)
0.866(±0.001)
-0.674(±0.012)
-0.160(±0.007)
0.834(±0.002)
-0.674(±0.005)
-0.179(±0.004)
0.853(±0.002)

Error
0.2%
0.2%
0%
0.4%
0.4%
0%
1.5%
3.6%
0.5%
0.9%
5.3%
0.35%

TABLE I
IPA RESULTS FOR NUMERICAL EXAMPLE
( STANDARD ERRORS IN PARENTHESES )

t belongs to.
IV. U NBIASEDNESS OF THE ESTIMATOR
In this section, the unbiasedness of the estimator
derived from above section will be proven. In general,
d
the unbiasedness of an IPA derivative dθ
J(θ) has been
shown to be ensured by the following two conditions
(See [19]):
Condition 1 For every θ ∈ Θ, the sample derivative
d
dθ J(θ) exists w.p.1.
d
Condition 2 W.p.1, the random function dθ
J(θ) is
Lipschitz continuous throughout Θ, and the Lipschitz
constant has ﬁnite ﬁrst moment.

Theorem 3 The sample derivatives of X1 (t), X2 (t),
X11 (t), and X12 (t) with respect to θ are unbiased estimators of dE(X1 (t, θ))/dθ, dE(X2 (t, θ))/dθ,
dE(X11 (t, θ))/dθ, and dE(X12 (t, θ))/dθ, respectively.

V. N UMERICAL E XAMPLE
In the previous sections, r1 (t) and r2 (t) are allowed
to be any piecewise continuous and piecewise constant
functions, respectively. Here, we consider an example
in which the 1st class ﬂow is an ON-OFF piecewise
constant ﬂow with ﬂow rates r1 and 0, and the ON
(OFF) period exponentially distributed with rate µ(λ),
and the 2nd class ﬂow is a constant with ﬂow rate r2 .
From the equations (3) ,(1), (2), (4) and (5), we see that
f2 (t) can take on two values r2 or 0, whereas c11 (t) can
1
. The following
take on three possible values: 1, 0, r1r+r
2

equations are straightforward from the previous section:

∂X1 (t, θ)
−r2 if t ∈ F P,
=
(10)
0
otherwise,
∂θ

∂X2 (t, θ)
r2 if t ∈ F P,
=
0
otherwise,
∂θ
⎧
1
−r
c
⎨
2 1 (t)
∂X11 (t, θ)
=
if t > z + X1 (z) and t ∈ F P
⎩
∂θ
0
otherwise,
⎧
2
−r2 c1 (t)
⎪
⎪
⎪
⎪
if t > z + X1 (z) and t ∈ F P
⎨
2
∂X1 (t, θ)
− r2
=
(11)
⎪
∂θ
⎪
if
t
<
z
+
X
(z)
and
t
∈
F
P,
⎪
1
⎪
⎩
0 otherwise
,
where z is the starting point of the current F P .
Table I gives the results comparing the IPA estimator
with the ﬁnite difference estimator.
VI. C ONCLUSIONS AND F UTURE W ORK
We developed a ﬂuid model of a dynamic priority call
center scheduler, and applied IPA to obtain derivative
estimators of queue lengths with respect to the service
level threshold of low priority calls. Still in progress
is a rigorous proof establishing that the scaled limit of
the discrete queueing model is in fact the ﬂuid model
we have proposed; numerical simulations seem to support this claim. Other future research directions include
extending the results of the single ﬂuid queue to ﬂuid
networks, and applying the approach to communication
networks.
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