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Summary. Stochastic activity networks (SANs) such as those arising in Project
Evaluation Review Technique (PERT) and Critical Path Method (CPM) are an
important classical set of models in operations research. We focus on sensitivity
analysis for stochastic activity networks when Monte Carlo simulation is employed.
After a brief aside reminiscing on Saul’s influence on the author’s career and on
the simulation community, we review previous research for sensitivity analysis of
simulated SANs, give a brief summary overview of the main approaches in stochastic gradient estimation, derive estimators using techniques not previously applied to
this setting, and address some new problems not previously considered. We conclude
with some thoughts on future research directions.
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1 Introduction
In the vast toolkit of operations research (OR), two of the most useful methods/models without a doubt are simulation and networks. Numerous surveys
of practitioners consistently place these in the top 10 in terms of applicability
to real-world problems and solutions. Furthermore, there is a large industry of
supporting software for both domains. Thus, almost all degree-granting programs in operations research offer standalone courses covering these two topics. At the University of Maryland’s Robert H. Smith School of Business, these
two courses at the Ph.D. level have course numbers BMGT831 and BMGT835.
They form half of the core of the methodological base that all OR Ph.D. students take, along with BMGT834 Stochastic Models and BMGT830 Linear
programming, which Saul Gass taught for much of his career at Maryland,
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using his own textbook first published in 1958, and translated into numerous other languages, including Polish, Russian, and Spanish. Reflecting back
on my own academic career, the first presentation I ever gave at a technical
conference was at the 1988 ORSA/TIMS Spring National Meeting in Washington, D.C., in which Saul was the General Chair. When the INFORMS
Spring Meeting returned to Washington, D.C. in 1996, Saul was again on
the advisory board and delivered the plenary address, and this time, through
my connection with him, I served on the Program Committee, in charge of
contributed papers.
Saul’s contributions to linear programming and his involvement in ORSA
and then INFORMS are of course well known, but what may not be as well
known are his contributions to the simulation community and simulation research. Saul was heavily involved with the Winter Simulation Conference —
the premier annual meeting of stochastic discrete-event simulation researchers,
practitioners, and software vendors — during what could be called the formative and critical years of the conference. Saul served as the ORSA representative on the Board of Directors in the early 1980s. During these years, “he
contributed much insight into the operation of conferences and added prestige” [21], which clearly helped launch these meetings on the path to success.
In addition, Saul has also contributed to simulation research in model evaluation and validation through “(i) the development of a general methodology for
model evaluation and validation [15, 18], and (ii) the development of specific
validation techniques that used quantitative approaches [16, 17]” [21]. Arjang
Assad’s article in this volume details numerous additional instances of Saul’s
involvement with simulation during his early career.
The networks studied in this paper are a well-known class of models in
operations research called stochastic activity networks (SANs), which include
the popular Project Evaluation Review Technique (PERT) and Critical Path
Method (CPM). A nice introduction to PERT can be found in the encyclopedia entry written by Arjang Assad and Bruce Golden [2], two long-time
colleagues of Saul hired by him in the 1970s while he was chairman of the Management Science & Statistics department at the University of Maryland, and
co-authors of other chapters in this volume. Such models are commonly used in
resource-constrained project scheduling; see [6] for a review and classification
of existing literature and models in this field. In SANs, the most important
measures of performance are the completion time and the arc (activity) criticalities. Often just as important as the performance measures themselves are
the sensitivities of the performance measures with respect to parameters of the
network. These issues are described in the state-of-the-art review [8]. When
the networks become complex enough, Monte Carlo simulation is frequently
used to estimate performance. However, simulation can be very expensive
and time consuming, so finding ways to reduce the computational burden are
important. Efficient estimation schemes for estimating arc criticalities and
sensitivity curves via simulation are derived in [4, 5].
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In this paper, we consider the problem of estimating performance measure sensitivities in the Monte Carlo simulation setting. This problem has
been studied by various researchers. In particular, infinitesimal perturbation
analysis (IPA) and the likelihood ratio (LR) method have been used to derive efficient estimators for local sensitivities — see [3] for IPA used with
conditional Monte Carlo, and [1] for the LR method used with control variates; whereas [7] use design of experiments methodology and regression to
fit performance curves. The use of conditioning in [3] for variance reduction
differs from its use in deriving estimators for performance measures to which
IPA cannot be applied. Here, we present some alternative estimators: weak
derivative (WD) estimators, and smoothed perturbation analysis (SPA) estimators. These can serve as alternatives to IPA and LR estimators. We also
consider estimation of performance measure sensitivities that have not been
considered in the literature. The rest of the paper is organized as follows.
In Section 2, we present the problem setting and briefly review the PA, LR,
and WD approaches to derivative estimation. The derivative estimators are
presented in Section 3. Some concluding remarks, including extensions and
further research, are made in Section 4.

2 Problem Setting
We consider a directed acyclic graph, defined by a set of nodes N of integers
1, . . . , |N |, and a set of directed arcs A ⊂ {(i, j) : i, j ∈ N ; i < |N |, j > 1},
where (i, j) represents an arc from node i to node j, and, without loss of generality, we take node 1 as the source and node |N | as the sink (destination). For
our purposes, we also map the set of directed arcs to the integers {1, . . . , |A|}
by the lexicographically ordering on elements of A. Both representations of
the arcs will be used interchangeably, whichever is the most convenient in the
context. Let P denote the set of paths from source to sink. The input random variables are the individual activity times given by Xi , with cumulative
distribution function (c.d.f.) Fi , i = 1, . . . , |A|, and corresponding probability
density function (p.d.f.) or probability mass function (p.m.f.) fi . Assume all
of the activity times are independent. However, it should be clear that duration of paths in P will not in general be independent, such as in the following
example, where all three of the path durations are dependent, since X6 must
be included in any path.
Example: 5-node network with A = {(1, 2), (1, 3), (2, 3), (2, 4), (3, 4), (4, 5)}
mapped as shown in Figure 1; P = {(1, 4, 6), (1, 3, 5, 6), (2, 5, 6)}.
Let P ∗ ∈ P denote the set of activities on the optimal (critical) path corresponding to the project duration (e.g., shortest or longest path, depending on
the problem), where P ∗ itself is a random variable. In this paper, we consider
the total project duration, which can be written as
X
Y =
Xj .
(1)
j∈P ∗
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Fig. 1. Stochastic Activity Network.

Another important performance measure is arc criticality, which is the probability that a given activity is on the optimal (or critical) path, i.e., P (i ∈ P ∗ )
for activity i. As the focus of this paper is sensitivity analysis, we wish to
estimate derivatives of performance measures involving Y with respect to a
parameter θ. We consider three cases:
1. dE[Y ]/dθ, where θ appears in the activity time distributions (i.e., in some
p.d.f. fi );
2. dP (Y > y)/dθ for some given y ≥ 0, where again θ appears in the activity
time distributions;
3. dP (Y > θ)/dθ, where θ occurs directly in the tail distribution performance measure (so this is essentially the negative of the density function
evaluated at the point θ).
The first case has been addressed previously in [3] using IPA and in [1] using
the LR method. We will review these methods briefly, and also present new
estimators based on the use of weak derivatives (WD). Neither the second nor
the third case has been considered in the literature, but both the LR method
and WD approaches can be extended to the second case in a straightforward
manner, whereas the IPA estimator would fail for that form of performance
measure, requiring the use of smoothed perturbation analysis (SPA) to obtain
an unbiased estimator. The third case essentially provides an estimate of the
density of Y if taken over all possible values of θ. This form of performance
measure presents some additional challenges not seen in previous work.
Before deriving the estimators, we give a brief overview of IPA, SPA,
the LR method, and the WD approach. Details can be found in [12]. For
illustrative purposes, we will just consider the first case above, where the
performance measure is an expectation:
J(θ) = E[Y (θ)] = E[Y (X1 , . . . , XT )].

(2)
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Y is the (univariate) output performance measure, {Xi } are the input random
variables, and T is the number of input random variables. In the SAN setting,
T = |A|, and Y is given by (1). Stochastic simulation can be viewed as a means
of carrying out the so-called “law of the unconscious statistician” (cf. p.7 in
[20]; this term was removed in the 1996 second edition):
Z
Z
E[Y (X)] = ydFY (y) = Y (x)dFX (x).
(3)
Coming into the simulation are input random variables {Xi }, for which we
know the distribution FX ; coming out of the simulation is an output random
variable Y , for which we would like to know the distribution FY ; and what
we have is a way to generate samples of the output random variables as a
function of the input random variables via the simulation model. If we knew
the distribution of Y , there would generally be no need for simulation.
For simplicity, we assume for the remainder of the discussion in this section that the parameter θ is scalar, because the vector case can be handled by
taking each component individually. In the right-hand side of (3), the parameter appearing directly in the sample performance Y (·; θ) corresponds to the
view of perturbation analysis (PA), whereas its appearance in the distribution
FX (·; θ) leads to the likelihood ratio (LR) method or weak derivative (WD)
approach.
Let f denote the joint density of all of the input random variables. Differentiating (3), and assuming interchangeability of integration and differentiation:


Z






∞

df (x; θ)
Y (x)
dx,
dE[Y (X)]
dθ
−∞
=

dθ

Z 1


dY (X(θ; u))


du,
dθ
0

(4)

(5)

where x and u and the integrals are all T -dimensional. For notational simplicity, these T -dimensional multiple integrals are written as a single integral
throughout, and we also assume that one random number u produces one
random variate x (e.g., using the inverse transform method). In (4), the parameter appears in the distribution directly, whereas in (5), the underlying
uncertainty is considered the uniform random numbers.
For expositional ease, we begin by assuming that the parameter only appears in X1 , which is generated independently of the other input random
variables. So for the case of (5), we use the chain rule to write
dE[Y (X)]
=
dθ

Z
Z

1

dY (X1 (θ; u1 ), X2 , . . .)
du
dθ

1

∂Y dX1 (θ; u1 )
du.
∂X1
dθ

0

=
0

(6)
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In other words, the estimator takes the form
∂Y (X) dX1
,
∂X1 dθ

(7)

where the parameter appears in the transformation from random number to
random variate, and the derivative is expressed as the product of a sample
path derivative and derivative of a random variable. This approach is called
infinitesimal perturbation analysis (IPA), and the main requirement for it to
yield an unbiased estimator is that the sample performance be almost surely
continuous, which is not satisfied for certain forms of performance measure
(e.g., probabilities) and will be violated for some stochastic systems.
Assume that X1 has marginal p.d.f. f1 (·; θ), and that the joint density
for the remaining input random variables (X2 , . . .) is given by f−1 , which has
no (functional) dependence on θ. Then the assumed independence gives f =
f1 f−1 , and the expression (4) involving differentiation of a density (measure)
can be further manipulated using the product rule of differentiation to yield
the following:
Z ∞
dE[Y (X)]
∂f1 (x1 ; θ)
(8)
=
Y (x)
f−1 (x2 , . . .)dx
dθ
∂θ
−∞
Z ∞
∂ ln f1 (x1 ; θ)
=
Y (x)
f (x)dx.
(9)
∂θ
−∞
In other words, the estimator takes the form
Y (X)

∂ ln f1 (X1 ; θ)
.
∂θ

(10)

On the other hand, if instead of expressing the right-hand side of (8) as
(9), the density derivative is written as
´
³
∂f1 (x1 ; θ)
(1)
(2)
= c(θ) f1 (x1 ; θ) − f1 (x1 ; θ) ,
∂θ
it leads to the following relationship:
Z ∞
dE[Y (X)]
∂f (x; θ)
=
Y (x)
dx,
dθ
∂θ
−∞
µZ ∞
(2)
= c(θ)
Y (x)f1 (x1 ; θ)f−1 (x2 , . . .)dx
Z

−∞

∞

−
−∞

³

(1)

(2)

¶
(1)
Y (x)f1 (x1 ; θ)f−1 (x2 , . . .)dx .

´

The triple c(θ), f1 , f1
constitutes a weak derivative (WD) for f1 , which
is not unique if it exists. The corresponding WD estimator is of the form
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³
´
(2)
(1)
c(θ) Y (X1 , X2 , . . .) − Y (X1 , X2 , . . .) ,
(1)

(1)

(2)
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(11)

(2)

where X1 ∼ f1 and X1 ∼ f1 . In other words, the estimator takes
the difference of the sample performance at two different values of the input random variable X1 . The term “weak” derivative comes about from the
(·;θ)
possibility that df1dθ
in (8) may not be proper, and yet its integral may be
well-defined, e.g., it might involve delta-functions (impulses), corresponding
to mass functions of discrete distributions.
If in the expression (5) the interchange of expectation and differentiation
does not hold (e.g., if Y is an indicator function), then as long as there is
more than one input random variable, appropriate conditioning will allow the
interchange as follows:
Z 1
dE[Y (X)]
dE[Y (X(θ; u))|Z(u)]
=
du,
(12)
dθ
dθ
0
where Z ⊂ {X1 , . . . , XT }. This conditioning is known as smoothed perturbation analysis (SPA), because it is intended to “smooth” out a discontinuous
function. It leads to an estimator of the following form:
∂E[Y (X)|Z] dX1
.
∂X1
dθ

(13)

Note that taking Z as the entire set leads back to (7), the IPA estimator.
The chief difficulty in applying the methodology is determining the appropriate Z such that E[Y (X)|Z] is both smooth, and its derivative can be easily
estimated. Further details can be found in [14, 11].

3 Derivations of the Estimators
We begin with dE[Y ]/dθ, where θ is some parameter occurring in the distribution of X1 only, as considered at the end of the last section. Then, the IPA
estimator can be obtained by straightforward differentiation of the expression
for Y given by (1), noting that θ only affects Y through X1 :
dY
dX1
=
1{1 ∈ P ∗ },
dθ
dθ
where 1{·} denotes the indicator function. The LR/SF estimator is given by
(10), and the WD estimator is given by (11).
If we allow the parameter to possibly appear in all of the distributions,
then the IPA estimator is found by applying the chain rule:
X dXi
dY
=
,
dθ
dθ
∗
i∈P
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whereas the LR/SF and WD estimators are derived by applying the product
rule of differentiation to the underlying input distribution, applying the independence that allows the joint distribution to be expressed as a product of
marginals. In particular, the LR/SF estimator is given by
Ã T
!
X ∂ ln fi (Xi ; θ)
Y (X)
,
∂θ
i=1
where fi is the p.d.f. for Xi . The IPA and LR estimators differ from the respective ones in [3] and [1], in that those both use variance reduction techniques
to improve the estimators further.
The WD estimator is of the form
T
³
´
X
(2)
(1)
ci (θ) Y (X1 , . . . , Xi , . . . , XT ) − Y (X1 , . . . , Xi , . . . , XT ) ,
i=1
(j)

(j)

(2)

(1)

where Xi ∼ fi , j = 1, 2; i = 1, . . . , T , and (ci (θ), fi , fi ) is a weak
derivative for fi .
Examples: Consider two common distributions: the exponential with mean
θ and the normal (Gaussian) with mean θ and standard deviation σ. In both
cases, let θi be the corresponding parameter in Xi . Then we have the following
estimators:
(a) exponential distribution, Xi with mean θi
Xi
θi 1{i

IPA:

Y (X) θ1i

LR:
WD:
(2)

where Xi

1
θi

³

∈ P ∗ },
³
´
Xi
θi − 1 ,

´
(2)
Y (X1 , . . . , Xi , . . .) − Y (X) ,

has the following Erlang distribution (p.d.f.):
1 −x/θi
xe
1{x > 0}.
θi2

(b) normal distribution, Xi with mean θi and standard deviation σi
1{i ∈ P ∗ },

IPA:

i
Y (X) Xiσ−θ
,
2

LR:
WD:
(1)

√ 1
2πσi

³

i

´
(2)
(1)
Y (X1 , . . . , Xi , . . .) − Y (X1 , . . . , Xi , . . .) ,
(2)

with Xi = θi − X 0 and Xi
Weibull distribution (p.d.f.):

= θi + X 0 , where X 0 has the following
2

2

8σi4 xe−(2σi x) 1{x > 0}.
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If instead of an expectation, we were interested in estimating the tail distribution, e.g., P (Y > y) for some fixed y, the WD and LR/SF estimators
would simply replace Y with the indicator function 1{Y > y}. However, IPA
does not apply, since the indicator function is inherently discontinuous, so an
extension of IPA such as SPA is required. On the other hand, if the performance measure were P (Y > θ), then since the parameter does not appear
in the distribution of the input random variables, WD and LR/SF estimators cannot be derived without first carrying out an appropriate change of
variables, which we will shortly demonstrate.
To derive an estimator via conditioning for the derivative of P (Y > y), we
first define the following:
Pj = {P ∈ P | j ∈ P } = set of paths containing arc j,
|P | = length of path P ,
|P |−j = length of path P with Xj = 0.
The idea will be to condition on all activity times except a set that includes
activity times dependent on the parameter.
In order to proceed, we need to specify the form of Y . We will take it to be
the longest path. Other forms, such as shortest path, are handled analogously.
Again, assuming that θ occurs in the density of X1 and taking the conditioning
quantities to be everything except X1 , i.e., Z = {X2 , . . . , XT }, we have
LZ (θ) = PZ (Y > y) ≡ E[1{Y > y}|X2 , . . . , XT ]
(
=

1
if maxP ∈P |P |−1 > y;
PZ (maxP ∈P1 |P | > y) otherwise;

where PZ denotes the conditional (on Z) probability. Since
PZ ( max |P | > y) = PZ (X1 + max |P |−1 > y)
P ∈P1

P ∈P1

= PZ (X1 > y − max |P |−1 ) = F̄1 (y − max |P |−1 ; θ),
P ∈P1

P ∈P1

where F̄ ≡ 1 − F denotes the complementary c.d.f., we have
LZ (θ) = F̄1 (y − max |P |−1 ; θ) · 1{max |P |−1 ≤ y} + 1{max |P |−1 > y}.
P ∈P1

P ∈P

P ∈P

Differentiating, we get the estimator:
∂ F̄1 (y − maxP ∈P1 |P |−1 ; θ)
dLZ
=
· 1{max |P |−1 ≤ y},
P ∈P
dθ
∂θ

(14)

which applies for both continuous and discrete distributions, as the following
example illustrates.
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Example: For the 5-node example, P = {146, 1356, 256}, P1 = {146, 1356},
|146|−1 = X4 + X6 , |1356|−1 = X3 + X5 + X6 , |256|−1 = X2 + X5 + X6 .
If X1 is exponentially distributed with mean θ, ∂ F̄1 (x; θ)/∂θ = e−x/θ (x/θ2 ),
and the estimator is given by
µ
¶
y − max(X3 + X5 , X4 ) − X6 y − max(X3 + X5 , X4 ) − X6
exp −
θ
θ2
· 1{max(X3 + X5 , X4 , X2 + X5 ) + X6 ≤ y},
whereas if X1 is Bernoulli — i.e., is equal to xlow with probability θ and equal
to xhigh > xlow otherwise — then ∂ F̄1 (x; θ)/∂θ = 1{xlow ≤ x < xhigh }, and
the estimator is given by
1{xlow ≤ y − max(X3 + X5 , X4 ) − X6 < xhigh }
· 1{max(X3 + X5 , X4 , X2 + X5 ) + X6 ≤ y}.
Clearly, the estimator (14) was derived without loss of generality, so for
the parameter θ being in the distribution of Xi , we have the estimator
∂ F̄i (y − maxP ∈Pi |P |−j ; θ)
· 1{max |P |−j ≤ y}.
P ∈P
∂θ

(15)

For the shortest path problem, simply replace “max” with “min” throughout
in the estimator (15).
To derive an LR/SF or WD derivative estimator for the performance measure P (Y > θ), there are two main ways to do the change of variables: subtraction or division, i.e.,
P (Y − θ > 0), P (Y /θ > 1).
Note that this requires translating the operation on the output performance
measure back to a change of variables on the input random variables, so this
clearly requires some additional knowledge of the system under consideration.
In this particular case, it turns out that two properties make it amenable to
a change of variables: (i) additive performance measure; (ii) clear characterization of paths that need to be considered. The simplest change of variables
is to take
X̃i = Xi /θ ∀i ∈ A,
so that θ now appears as a scale parameter in each distribution fi . If Ỹ
represents the performance measure after the change of variables, then we
have
P (Y > θ) = P (Ỹ > 1),
and this can be handled as previously discussed.
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Another change of variables that will work in this case is to subtract the
quantity θ from an appropriate set of arc lengths. In particular, the easiest
sets are the nodes leading out of the source or the nodes leading into the sink:
X̃i = Xi − θ,
for arcs i corresponding to directed arcs (1, j) ∈ A or (j, |N |) ∈ A. In the
5-node example of Figure 1, this would be either {1,2} or {6}. Note that
minimal cut sets will not necessarily do the trick. For example, in the 5-node
example, {1,5} is a cut set, but both members are contained on the path
(1,3,5,6), so subtracting θ from these two arc lengths would lead to possibly
erroneous results.
Again, if Ỹ represents the performance measure after the change of variables, then we have
P (Y > θ) = P (Ỹ > 0).
Now the parameter θ appears in the distribution, specifically as a location
parameter, but only in a relatively small subset of the {fi }. Since this transformation results in the parameter appearing in fewer number of input random
variables, it may be preferred, because for both the LR/SF and WD estimators, the amount of effort is proportional to the number of times the parameter
appears in the distributions. The extra work for a large network can be particularly burdensome for the WD estimator. However, for the LR estimator,
this type of location parameter is problematic, since it changes the support
of the input random variable, making it inapplicable.
Lastly, we apply PA to the problem of estimating dP (Y > θ)/dθ. We note
that this estimation problem only makes sense in the continuous distribution
case, where it is essentially an estimation of (the negative of) the p.d.f., since
in the discrete case, the corresponding derivative is 0; thus, assume henceforth
that each Xi has a p.d.f. fi . Again, this type of performance measure cannot
be handled by IPA, so we use SPA. The idea is to condition on a special set of
activity times such that both the set itself and its complement have a non-zero
probability of having a corresponding activity on the critical path.
Recall the following network definitions. A cut set is a set of arcs such that
their removal from the network leaves no path from source to sink. A minimal
cut set is a cut set such that the removal of any arc in the set no longer
leaves a cut set. In the 5-node example, the minimal cut sets are {1,2}, {1,5},
{2,3,4}, {4,5}, {6}. By definition, a minimal cut set will have an activity on
the critical path. The following observation is key:
Lemma. Let C be a minimal cut set for the network, and let Z = {Xi : i 6∈ C}.
If there exists an i 6∈ C such that P (i ∈ P ∗ ) > 0, then PZ (Y > θ) is a.s.
continuous with respect to θ.
Thus, if one can find a minimal cut set that satisfies the condition in the
lemma, one can in principle derive an unbiased derivative estimator for P (Y >
θ) by conditioning on the complement set of activity times and then taking
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the sample path derivative. Note, however, that finding such a minimal cut set
may be a computationally formidable task for large networks. Furthermore, as
we shall see, in order to take the sample path derivative in a convenient form, it
is desirable that the activities in the cut set actually partition the path space.
We illustrate these ideas in an extended example using the 5-node network.
Example: For the 5-node example, we consider all of the minimal cut sets.
(i) Using minimal cut set C = {6}, we take Z = {X1 , X2 , X3 , X4 , X5 }, so we
have
PZ (Y > θ) = PZ ( max X6 + |P |−6 > θ) = F̄6 (θ − max |P |−6 ).
P ∈P6

P ∈P6

Differentiating, the final estimator is given by
dPZ (Y > θ)
= −f6 (θ − max |P |−6 ).
P ∈P6
dθ
Note that the form of the estimator only involves the p.d.f.s of those arcs in
the cut set. If X6 follows an exponential distribution, the specific estimator is
given by
µ
¶
1
max(X1 + X3 + X5 , X1 + X4 , X2 + X5 ) − θ
−
exp
E[X6 ]
E[X6 ]
· 1{max(X1 + X3 + X5 , X1 + X4 , X2 + X5 ) ≤ θ}.
(ii) Using minimal cut set C = {1, 2}, we take Z = {X3 , X4 , X5 , X6 }, so we
have
PZ (Y > θ) = 1 − PZ (max |P | ≤ θ) = 1 − PZ ( max
P ∈P

P ∈P1 ∪P2

|P | ≤ θ)

= 1 − PZ ( max |P | ≤ θ, max |P | ≤ θ)
P ∈P1

P ∈P2

= 1 − PZ (X1 + max |P |−1 ≤ θ, X2 + max |P |−2 ≤ θ)
P ∈P1

P ∈P2

= 1 − F1 (θ − max |P |−1 )F2 (θ − max |P |−2 ),
P ∈P1

P ∈P2

where we have used the fact that P1 and P2 partition the path space, and X1
and X2 are independent. Differentiating, the final estimator is given by
dPZ (Y > θ)
= −f1 (θ − max |P |−1 )F2 (θ − max |P |−2 )
P ∈P1
P ∈P2
dθ
− F1 (θ − max |P |−1 )f2 (θ − max |P |−2 ).
P ∈P1

P ∈P2

Using minimal cut set C = {4, 5} will yield the analogous estimator

Sensitivity Analysis for Stochastic Activity Networks

363

dPZ (Y > θ)
= −f4 (θ − max |P |−4 )F5 (θ − max |P |−5 )
P ∈P4
P ∈P5
dθ
− F4 (θ − max |P |−4 )f5 (θ − max |P |−5 ).
P ∈P4

P ∈P5

(iii) Using minimal cut set C = {2, 3, 4}, we take Z = {X1 , X5 , X6 }, and
similar analysis yields
PZ (Y > θ) = 1 − F2 (θ − max |P |−2 )F3 (θ − max |P |−3 )F4 (θ − max |P |−4 ),
P ∈P2

P ∈P3

P ∈P4

again since P2 , P3 and P4 partition the path space, and X2 , X3 , and X4 are
mutually independent. Differentiating, the final estimator is given by
dPZ (Y > θ)
= −f2 (θ − max |P |−2 )F3 (θ − max |P |−3 )F4 (θ − max |P |−4 )
P ∈P2
P ∈P3
P ∈P4
dθ
− F2 (θ − max |P |−2 )f3 (θ − max |P |−3 )F4 (θ − max |P |−4 )
P ∈P2

P ∈P3

P ∈P4

− F2 (θ − max |P |−2 )F3 (θ − max |P |−3 )f4 (θ − max |P |−4 ).
P ∈P2

P ∈P3

P ∈P4

(iv) Using minimal cut set C = {1, 5}, we take Z = {X2 , X3 , X4 , X6 }. Note,
however, that P1 and P5 do not partition the path space, since path (1,3,5,6)
is in both sets. We shall now see how this leads to difficulties:
PZ (Y > θ) = 1 − PZ (max |P | ≤ θ) = 1 − PZ ( max
P ∈P

P ∈P1 ∪P5

|P | ≤ θ)

= 1 − PZ (X1 + |146|−1 ≤ θ, X5 + |256|−5 ≤ θ,
X1 + X5 + |1356|−1,−5 ≤ θ),
which cannot be factored nicely as in the previous cases.
In general, if the {Pi } do partition the path space, i.e., P =
Pi ∩ Pj = φ for i 6= j, then

S
i∈C

PZ (Y > θ) = 1 − PZ (max |P | ≤ θ) = 1 − PZ ( max |P | ≤ θ)
P ∈P
P ∈∪i Pi
\
= 1 − PZ ( {max |P | ≤ θ})
i∈C

= 1 − PZ (
= 1−

Y
i∈C

= 1−

Y

i∈C

\

i∈C

P ∈Pi

{Xi + max |P |−i ≤ θ})
P ∈Pi

PZ (Xi + max |P |−i ≤ θ)
P ∈Pi

Fi (θ − max |P |−i ),
P ∈Pi

which upon differentiation yields the estimator

Pi and
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−

X

fi (θ − max |P |−i )

i∈C

P ∈Pi

Y

Fj (θ − max |P |−j ),

j6=i

P ∈Pj

where the product is equal to 1 if it is empty as in case (i) of the 5-node
example just considered.

4 Directions for Future Research
In the general PERT/CPM stochastic activity network framework, we have
derived some new unbiased Monte Carlo simulation-based derivative estimators for a setting where there are existing estimators available, and also for
new settings. This gives the simulation analyst a wider array of options in
carrying out performance evaluation. Depending on the types of networks
and performance measures considered, different estimators may be more effective and useful. Clearly, comparisons of variance properties of the various
estimators, whether through theoretical analysis and/or empirical/numerical
experimental testing, would be beneficial to the potential user of these estimators. Preliminary experiments in [19] indicate that the SPA estimators are
quite promising, as they generally show lower variance than the WD and LR
estimators. However, in the 5-node Bernoulli example, it turns out that the
SPA and one version of the WD estimator coincide. In the cases where they
are applicable, the IPA estimators provide the lowest variance, which turns
out to be essentially the same as a finite difference estimator with common
random numbers, a procedure that can be easily implemented in many settings, but still requires additional simulations for every parameter of interest
in the network.
The extension to arc criticalities is an important one. Another interesting
extension to consider is the case where the input random variables (individual
activity times {Xi }) are not necessarily independent. Using these derivative
estimates in simulation optimization is another fruitful area of research; see,
e.g., [9, 10, 12, 13]. Investigating quasi-Monte Carlo estimators and also estimators that are not sample means but quantiles or order statistics are also
useful topics for future research.
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