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Summary. The Variance-Gamma (VG) process was introduced by Dilip B. Madan
and Eugene Seneta as a model for asset returns in a paper that appeared in 1990,
and subsequently used for option pricing in a 1991 paper by Dilip and Frank Milne.
This paper serves as a tutorial overview of VG and Monte Carlo, including three
methods for sequential simulation of the process, two bridge sampling methods,
variance reduction via importance sampling, and estimation of the Greeks.
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1 Introduction
1.1 Reﬂections on Dilip
Dilip and I have been colleagues since 1989, when I joined the faculty of
the Business School at the University of Maryland, and just one year after
Dilip himself had returned to his (Ph.D.) alma mater after twelve years on the
faculty at the University of Sydney, Australia, following the earning of his two
Ph.D.s in pure math (1975) and economics (1971). However, because we were
in diﬀerent departments—he in the Finance Department and I in what was
then called the Management Science & Statistics Department—we did not really start collaborating until the mid-1990s when I ﬁrst became interested in ﬁnancial applications. Since then, Dilip and I have co-chaired ﬁve Ph.D. student
dissertations (Tong Wang, Rongwen Wu, Xing Jin, Yi Su, Sunhee Kim), and
each of us serves regularly on dissertation committees of the other’s Ph.D. students. We team-taught a course on computational ﬁnance twice (1997, 1999).
We have led a research group on computational/mathematical ﬁnance since
the late 1990s, which became known as the Mathematical Finance Research
Interactions Team (RIT) under the interdisciplinary Applied Mathematics and
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Scientiﬁc Computing program at the University of Maryland. From this group
have graduated scores of Ph.D. students (mostly supervised by Dilip; see the
photo in the preface) who have almost all gone on to high-octane “quant”
positions at ﬁnancial institutions on Wall Street and in the Washington, D.C.
area. Dilip has always been an inspiration to us all and an ideal academic
colleague, always energetic and enthusiastic and full of ideas, whether it be
at the research meetings with students or during our regular lunch strolls to
downtown College Park.
As Dilip has told me numerous times in our discussions, on Wall Street
there are really two main numerical models/techniques employed for pricing
derivative securities: Monte Carlo simulation or numerical solution of partial
diﬀerential equations. The former depends on the ﬁrst fundamental theorem
of asset pricing: the existence of a martingale measure so that the price can
be expressed as the expectation of an appropriately discounted payoﬀ function. For exotic, hybrid, and complicated path-dependent derivatives, however, simulation is often the only method available. Of course, Dilip’s main
research interests do not lie in simulation, but he is a regular consumer of the
method, and as a result, we collaborated on two papers in the area, on control
variates for pricing continuous arithmetic Asian options [12] and on pricing
American-style options [11]. Furthermore, many of his recent papers address
simulation of processes, for example, [21]. This brief tutorial is intended to
be my small tribute to Dilip and also to provide a bridge or segue between
the historical perspective on the VG process provided in the opening article
by Eugene Seneta [27] and the remarkable properties of the gamma process
described in the subsequent piece by Marc Yor [28], who provides a far more
advanced and sophisticated view of gamma processes than the rudimentary
presentation here.
1.2 The Variance-Gamma Process
The Variance-Gamma (VG) process was introduced to the ﬁnance community as a model for asset returns (log-price increments) and options pricing
in Madan and Seneta [20], with further signiﬁcant developments in Madan
and Milne [19] and Madan et al. [18]. More recently, it has been applied to
American-style options pricing in [15] and [17], the latter using the fast Fourier
transform introduced in [6]. For more history on the earlier pioneering years,
see the paper in this volume by Eugene Seneta [27], which also discusses distributions similar to VG proposed earlier as a possible alternative to the normal
distribution (see also [22], [23, p. 166]).
The VG process is a Lévy process, that is, it is a process of independent and
stationary increments (see the appendix for a review of basic deﬁnitions). A
Lévy process can be represented as the sum of three independent components
(cf. [26]): a deterministic drift, a continuous Wiener process, and a purejump process. Brownian motion is a special case where the latter is zero,
and the Poisson process is a special case on the other end where the ﬁrst
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two components are zero. Like the Poisson process, the VG process is pure
jump; that is, there is no continuous (Brownian motion and deterministic)
component, and thus it can be expressed in terms of its Lévy density, the
simplest version with no parameters being
k(x) =

1 −√2|x|
e
.
|x|

For the VG process with the usual (θ, σ, ν) parameterization, the Lévy density
is given by



1
θ
θ2
1 2
k(x) =
exp 2 x −
+ 2 |x| ,
(1)
ν|x|
σ
σ ν
σ
where ν, σ > 0.
The VG is a special case of the CGMY model of [4, 5], whose Lévy density
is given by

C exp(−G|x|)/|x|1+Y
x < 0,
k(x) =
C exp(−M |x|)/|x|1+Y x > 0,
where VG is obtained by taking Y = 0, C = 1/ν, G = 2μ+ /σ 2 , and
M = 2μ− /σ 2 , where μ± are deﬁned below in (4). Unlike the Poisson process, the VG process may have an inﬁnite number of (inﬁnitesimally small)
jumps in any interval, making it a process of inﬁnite activity. Unlike Brownian
motion, the VG process has ﬁnite variation, so it is in some sense less erratic
in its behavior.
The representation of the VG process presented above hides its roots,
which come from the following well-known alternative representations:
1. Time-changed (subordinated) Brownian motion, where the subordinator
is a gamma process.
2. Diﬀerence of two gamma processes.
As described in detail in [27], these are the original ways in which the process
was introduced and proposed as a model for asset returns. The CGMY process
can also be expressed as time-changed Brownian motion (see Madan and Yor
[21]), but it seems that there is no simple representation as the diﬀerence
of two increasing processes, although in principle such a representation does
exist, because all processes with ﬁnite variation can be so expressed.
To express the process in terms of the two representations above, let {Wt }
(μ,σ)
≡ μt+σWt denote
denote standard Brownian motion (Wiener process), Bt
(μ,ν)
Brownian motion with constant drift rate μ and volatility σ, γt
the gamma
(ν)
process with drift parameter μ and variance parameter ν, and γt the gamma
process with unit drift (μ = 1) and variance parameter ν. Letting φX (u) =
E[eiuX ] denote the characteristic function (c.f.) of random variable X, the c.f.
for the VG process is given simply by
φXt (u) = (1 − iuθν + σ 2 u2 ν/2)−t/ν ,
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which can be expressed in two forms
φXt (u) = [(1 − iuνμ+ )(1 + iuνμ− )]−t/ν ,
φXt (u) = [1 − iν(uθ + iσ 2 u2 /2)]−t/ν ,
reﬂecting the two representations above. In particular, using the notation introduced above, the representation of the VG process as time-changed Brownian motion is given by
Xt = B

(θ,σ)
(ν)

γt

(ν)

= θγt

+ σWγ (ν) ,

(2)

t

whereas the diﬀerence-of-gammas representation is given by
(μ+ ,ν+ )

Xt = γt

(μ− ,ν− )

− γt

,

(3)

where the two gamma processes are independent (but deﬁned on a common
probability space) with parameters
μ± = ( θ2 + 2σ 2 /ν ± θ)/2,
ν± = μ2± ν.

(4)

In general, there is no unique martingale measure for a Lévy process,
due to the jumps, and thus this is the case for the (pure jump) VG process.
Assume the asset price dynamics for a Lévy process {Xt } (with no dividends
and constant risk-free interest rate) are given by
St = S0 exp((r + ω)t + Xt ) ,

(5)

where the constant ω is such that the discounted asset price is a martingale;
that is, it must satisfy
E[e−rt St ] = S0 ,
which leads to the condition
e−ω = φ(−i),
where φ denotes the characteristic function of the Lévy process. In the case
of VG, we have
(6)
ω = ln(1 − θν − σ 2 ν/2)/ν.

2 Monte Carlo Simulation
General books on Monte Carlo (MC) simulation for ﬁnancial applications
include [16], [14] and [23]; see also [2]. Monte Carlo simulation is most fruitful for “high-dimensional” problems, which in ﬁnance are prevalent in pathdependent options, such as Asian, lookback, and barrier options, all of which
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are considered in [1], from which most of our discussion on bridge sampling for
simulating VG is taken. The importance sampling discussion following that is
based on [29]. Eﬃciently estimating the Greeks from simulation is included in
[10], [16], [14], and [23]. Although extensions such as the CGMY process [4]
are not treated explicitly here, comments are occasionally made on how the
methods extend to that more general setting.
We begin by presenting sequential sampling and bridge sampling techniques for constructing sample paths of a VG process. Sequential sampling
is called incremental path construction in [16], which also includes another
technique for the Wiener process based on a spectral decomposition using an
orthogonal Hilbert basis.
2.1 Sequential Sampling
There are three main methods to simulate VG (cf. [1, 29]). The ﬁrst two are
based on the two representations presented in the previous section and are
“exact” in the sense of having the correct distribution. The third method for
simulating VG is to approximate it by a compound Poisson process. The main
advantage of the third method is its generality, in that it can be used for any
Lévy process, in particular in those settings where a representation as subordinated Brownian motion or as the diﬀerence of two other easily simulated
processes is not readily available. Representation of the CGMY process as
time-changed Brownian motion is treated in [21], which also includes procedures for simulating using that representation; see also [29].
Figure 1 presents the three diﬀerent algorithms for sequentially generating
VG sample paths on [0, T ] at time points 0 = t0 < t1 < · · · < tN −1 < tN = T ,
where the time spacings Δti , i = 1, . . . , N are given as inputs, along with VG
parameters. In the compound Poisson process approximation, the positive and
negative jumps are separated, and there is a cutoﬀ of ε for the magnitude of
the jumps. The Poisson rates are calculated by integrating the Lévy density
over the appropriate range, and the jump sizes are then sampled from the corresponding renormalized Lévy density. Smaller jumps (which occur inﬁnitely
often) are incorporated into a diﬀusion process with zero drift and volatility
estimated by the second moment of the Lévy density integrated over the range
[−ε, +ε].
2.2 Bridge Sampling
In [25], bridge sampling for the time-changed Brownian motion representation
is introduced, along with stratiﬁed sampling and quasi-Monte Carlo to further
reduce variance. In [1], bridge sampling for the diﬀerence-of-gammas representation is introduced and combined with randomized quasi-Monte Carlo, and
bounds (upper and lower) on the discretization error for pricing certain forms
of path-dependent options are derived. Here, we present these two bridge sampling approaches, but without the additional variance reduction techniques,
to make the exposition easy to follow.
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Simulating VG as Gamma Time-Changed Brownian Motion

Input: VG parameters θ, σ, ν; time spacing Δt1 , ..., ΔtN s.t. N
i=1 Δti = T .
Initialization: Set X0 = 0.
Loop from i = 1 to N :
1. Generate ΔGi ∼ Γ (Δti /ν, ν), Zi ∼ N (0, 1)
independently and independent of
√ past r.v.s.
2. Return Xti = Xti−1 + θΔGi + σ ΔGi Zi .

Simulating VG as Diﬀerence of Gammas
Input: VG parameters θ, σ, ν; time spacing Δt1 , ..., ΔtN s.t.

N

i=1

Δti = T .

Initialization: Set X0 = 0.
Loop from i = 1 to N :
1. Generate Δγi− ∼ Γ (Δti /ν, νμ− ), Δγi+ ∼ Γ (Δti /ν, νμ+ )
independently and independent of past r.v.s.
2. Return Xti = Xti−1 + Δγi+ − Δγi− .

Simulating VG as (Approximate) Compound Poisson Process

Input: VG parameters θ, σ, ν; time spacing Δt1 , ..., ΔtN s.t. N
i=1 Δti = T .
Initialization: Set X0 = 0;
σε2 =

+ε
−ε

x2 k(x)dx, λ+
ε =

∞
+ε

k(x)dx, λ−
ε =

−ε
−∞

k(x)dx,

−
−
kε+ (x) = k(x)1{x≥ε} /λ+
ε , kε (x) = k(x)1{x≤−ε} /λε .

Loop from i = 1 to N :
1. Generate number of positive and negative jumps in Δti (Ni+ and Ni− ,
respectively) and corresponding size of jumps using Lévy density
(everything independent of each other and of past generated samples):
−
−
Ni+ ∼ Poisson(λ+
ε Δti ), Ni ∼ Poisson(λε Δti ),

+
−
∼ {kε+ }, j = 1, ..., Ni+ , Xi,j
∼ {kε− }, j = 1, ..., Ni− ,
Xi,j

Zi ∼ N (0, 1).
√
Ni+ +
Ni− −
2. Return Xti = Xti−1 + Zi σε Δti + j=1
Xi,j + j=1
Xi,j .

Fig. 1. Algorithms for sequentially simulating VG process on [0, T ].
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Instead of sequential sampling, which progresses chronologically forward
in time, an alternative method for simulating asset price paths is to use bridge
sampling, which samples the end of the path ﬁrst, and then “ﬁlls in” the rest
of the path as needed. This can lead to a more eﬃcient simulation. In bridge
sampling, ﬁxed times are chosen, and the value of the process at such an arbitrary ﬁxed time is a random variable with known (conditional) distribution.
It is particularly eﬀective in combination with quasi-Monte Carlo methods,
because the sampling sequence usually means that the ﬁrst samples are more
critical than the latter ones, leading to a lower “eﬀective dimension” than
in the usual sequential sampling. It is in this setting that quasi-Monte Carlo
methods show the greatest improvement over traditional MC methods, and
gamma bridge sampling coupled with quasi-Monte Carlo is treated in [25]
and [1].
The main idea of bridge sampling is that the conditional distribution of a
stochastic process Xt at time t ∈ (T1 , T2 ), given XT1 and XT2 can be easily
obtained; that is, for T1 ≤ t ≤ T2 , one can apply Bayes’ rule to get the
necessary conditional distribution:
P (Xt |XT1 , XT2 ) =

P (XT2 |XT1 , Xt )P (Xt |XT1 )
.
P (XT2 |XT1 )

The following are the most well-known examples.
Poisson process {Nt }: Conditional on NT1 and NT2 ,
Nt ∼ NT1 + bin(NT2 − NT1 , (t − T1 )/(T2 − T1 )),
where bin(n, p) denotes the binomial distribution with parameters n and p
(mean np and variance np(1 − p)). Note that the conditional distribution has
no dependence on the arrival rate.
(μ,σ)

Brownian motion {Bt

}: Conditional on BT1 and BT2 ,

Bt ∼ N (αBT1 + (1 − α)BT2 , α(t − T1 )σ 2 ),
where α = (T2 − t)/(T2 − T1 ), and there is dependence on σ, but not on the
drift μ.
(μ,ν)

Gamma process {γt

}: Conditional on γT1 and γT2 ,
γt ∼ γT1 + (γT2 − γT1 )Y,

where Y ∼ β((t − T1 )/ν, (T2 − t)/ν), which only depends on the parameter ν,
where β(α1 , α2 ) denotes the beta distribution with mean α1 /(α1 + α2 ), variance α1 α2 /[(α1 + α2 )2 (α1 + α2 + 1)], and density xα1 −1 (1 − x)α2 −1 /B(α1 , α2 )
on [0, 1], where
1

tx−1 (1 − t)y−1 dt =

B(x, y) =
0

Γ (x)Γ (y)
,
Γ (x + y)

∞

Γ (x) =
0

tx−1 e−t dt.
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Simulating VG via Brownian (Gamma Time-Changed) Bridge
Input: VG parameters θ, σ, ν; number of bridges N = 2M (T = tN ).
Initialization: Set X0 = 0, γ0 = 0.
Generate γtN ∼ Γ (tN /ν, ν), XtN ∼ N (θγtN , σ 2 γtN ) independently.
Loop from k = 1 to M : n ← 2M −k ;
Loop from j = 1 to 2k−1 :
1. i ← (2j − 1)n;
2. Generate Yi ∼ β((ti − ti−n )/ν, (ti+n − ti )/ν) independent of past r.v.s;
3. γti = γti−n + [γti+n − γti−n ]Yi ;
4. Generate Zi ∼ N (0, [γti+n − γti ]σ 2 Yi ) independent of past r.v.s;
5. Return Xti = Yi Xti+n + (1 − Yi )Xti−n + Zi .

Simulating VG via Diﬀerence-of-Gammas Bridge
Input: VG parameters θ, σ, ν; number of bridges N = 2M (T = tN ).
Initialization: Set γ0+ = γ0− = 0.
Generate γt+N ∼ Γ (tN /ν, νμ+ ), γt−N ∼ Γ (tN /ν, νμ− ) independently.
Loop from k = 1 to M : n ← 2M −k ;
Loop from j = 1 to 2k−1 :
1. i ← (2j − 1)n;
2. Generate Yi+ , Yi− ∼ β((ti − ti−n )/ν, (ti+n − ti )/ν) independently;
3. γt+i = γt+i−n + [γt+i+n − γt+i−n ]Yi+ , γt−i = γt−i−n + [γt−i+n − γt+i−n ]Yi− ;
4. Return Xti = γt+i − γt−i .

Fig. 2. Algorithms for simulating VG process on [0, T ] via bridge sampling.

As with the gamma distribution, there is no analytical closed form for the
c.d.f.; also β(1, 1) = U (0, 1). If either of the parameters is equal to 1, then the
inverse transform method can be easily applied. Otherwise, the main methods
to generate variates are acceptance–rejection, numerical inversion, or a special
algorithm using the following known relationship with the gamma distribution: if Yi ∼ Γ (αi , ψ) independently generated, then Y1 /(Y1 +Y2 ) ∼ β(α1 , α2 ).
For more information on eﬃciently generating samples from the gamma and
beta distributions, see [7]. MATLAB and other commercial software generally
have built-in functions/subroutines to handle these distributions.
The two algorithms given in Figure 2, adapted from [1] and corresponding
to the time-changed Brownian motion representation of (2) and the diﬀerenceof-gammas representation of (3), respectively, generate VG sample paths of
progressively ﬁner resolution by adding bisecting bridge points, so the number
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of simulated points on the path should be a power of 2, called the dyadic
partition in [1], where it is noted this allows the simulation eﬃciency to be
further improved by using “a fast beta random-variate generator that exploits
the symmetry.” This partition also makes the methods easier to present in
algorithmic form; however, the method is clearly just as easily applicable to
general time steps as in the previous sequential versions.
For pricing path-dependent options that depend on the entire continuous
sample path—such as continuous Asian, barrier, and lookback options—the
advantage of the bridge sampling is that the ﬁrst samples often capture most
of the contribution to the expected payoﬀ that is being estimated. In either
case, Richardson extrapolation is one method that can be used to go from
the discrete to the continuous case. This is discussed for the diﬀerence-ofgammas bridge sampling in [1]; it was also used in [12] in sequential Monte
Carlo simulation.
2.3 Variance Reduction
Variance reduction techniques can lead to orders of magnitude of improvement in simulation eﬃciency, and thus are of practical importance. A simple
example where it would be critical is a deep out-of-the-money barrier option,
in which the payoﬀ on most sample paths generated by simulation would be
zero, so being in the money is essentially a “rare event” in simulation lingo. In
this section, we brieﬂy discuss the variance reduction technique of importance
sampling, whereby simulation is carried out under a diﬀerent measure than
the one of interest, and then an adjustment is made to the payoﬀ function
by way of the Radon–Nikodym derivative (change of measure). In the barrier
option example, the resulting measure change would lead to a great increase
in the number of generated paths that are in the money. Other useful variance
reduction techniques not discussed here that are eﬀective in ﬁnancial simulations include common random numbers (called “variate recycling” in [16]),
conditional Monte Carlo, stratiﬁed sampling, and control variates; see [14] for
more details. As mentioned earlier, quasi-Monte Carlo combined with gamma
bridge sampling for the VG process is described in [25] and [1].
The general form for the Radon–Nikodym derivative of a Lévy process
can be found in [26]; see also [28] for gamma processes. For pure-jump Lévy
processes, it turns out that suﬃcient conditions for ensuring equivalence in
the measure change are that the corresponding Lévy measures be equivalent
plus a constraint relating the drifts and corresponding Lévy measures. For
the VG process, under the diﬀerence-of-gammas representation, it turns out
that the measure change in which the ν parameter is kept the same can be
computed based on just the terminal values; that is, the intermediate values
on the path are not needed (cf. [29, Propositions 2 and 3 in Chapter 2]).
The Radon–Nikodym derivative needed to adjust for going from VG with


parameters (θ, σ, ν) to the measure change of VG with parameters (θ , σ , ν)
is given by the following exponential twisting:
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+∞

exp(−t
−∞

(k(x) − k  (x))dx)φ+ (γ̃t+ )φ− (−γ̃t− ),


φ± (x) = e2(μ∓ /(σ

 2

) −μ∓ /σ2 |x|)

,

γ̃t±

where
are the independent processes generated in the diﬀerence-of-gammas


representation of VG with (VG) parameters (θ , σ , ν), and μ± is given by (4).
2.4 The Greeks
In many cases, it is possible to estimate sensitivities of derivatives prices with
respect to various parameters directly using the same sample path that was
used to estimate the price itself, that is, without resorting to resimulation.
This was ﬁrst demonstrated in [9] and [3]. In this section, we discuss only
inﬁnitesimal perturbation analysis (IPA), or what is called pathwise diﬀerentiation in [16] and [14]. We do not treat the likelihood ratio method (also
known as the score function method or measure-valued diﬀerentiation); see
the previous two referenced books [16, 14], or [8] for further discussion of
this approach, which is also related to the Malliavin calculus approach proposed by some researchers (see [14]). An extension of IPA based on conditional
Monte Carlo, which can handle discontinuous payoﬀ functions, is treated in
[10]. None of the previous references treat the estimation of Greeks explicitly
in the VG (or general Lévy process) context.
The basis of IPA is quite simple: one diﬀerentiates the sample quantities of
interest with respect to the parameter of interest. Speciﬁcally, one is usually
interested in some payoﬀ function h that may depend on the entire path of
{St }. For simplicity of illustration here, we assume the payoﬀ depends only
on a single point in time, such as a call option with h(x) = (x − K)+ , where
K is the strike price. Then, the price to be estimated by simulation is given
by
E[e−rT h(ST )],
for maturity T (European option), whereas the sensitivity to be estimated is
given by
dE[e−rT h(ST )]
,
dχ
where χ is the parameter of interest. The IPA estimator is given by


d(e−rT )
dST
d(e−rT h(ST ))
∂h
= h(ST )
+ e−rT
+ h (ST )
,
dχ
dχ
∂χ
dχ
so the applicability of the IPA estimator comes down to a question of whether
exchanging the operations of expectation (integration) and diﬀerentiation
(limit) is justiﬁed (according to the dominated convergence theorem); that
is, whether
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d(e−rT h(ST ))
dE[e−rT h(ST )]
,
=
dχ
dχ
which clearly depends both on the payoﬀ function h and the representation
of the VG process {Xt }, which enters {St } through (5).
As an example, it can be easily seen from (5) that the current asset price
is a scale parameter for a future stock price, so that we have
E

dSt
St
=
.
dS0
S0
Thus, for example, a call option with the usual payoﬀ (ST −K)+ , which would
be estimated in simulation by
e−rT (ST − K)+ ,
would have its delta estimated by
e−rT

ST
1{ST >K} ,
S0

because h (x) = 1{x>K} . However, a digital option with payoﬀ 1{ST >K} would
lead to a biased estimator (identically zero). Thus, the IPA estimator for the
gamma would be biased. Roughly speaking, if h is almost surely continuous
with respect to the parameter of interest, then the IPA estimator will be
unbiased. The call payoﬀ function is continuous, with a “kink” at K, which
leads to a discontinuity in its ﬁrst derivative at K, just as for the digital
option.
The example above was in some sense the simplest, because S0 doesn’t
appear anywhere else in the expression for St given by (5) except as a scale
factor. Other parameters of interest include time t, the interest rate r, and the
VG parameters (θ, σ, ν), and these all make more complicated appearances in
St , both directly through (5) and indirectly through Xt , where in the latter
case the chain rule would be applied. The resulting quantity dXt /dχ may
depend on the representation of {Xt }, that is, in how the stochastic process
{Xt } is constructed, and we saw there are at least three diﬀerent ways a
VG process can be generated. Thus, for the simple call option, we have the
following IPA estimators (for any exercise point t).
dSt
dr
dSt
dt
dSt
dθ
dSt
dσ
dSt
dν

= tSt ,


dXt
= St r + ω +
,
dt


dω dXt
= St t
+
,
dθ
dθ


dω dXt
= St t
+
,
dσ
dσ


dω dXt
= St t
+
,
dν
dν
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with (from diﬀerentiating (6))
dω
= −1/(1 − θν − σ 2 ν/2),
dθ
dω
= −σ/(1 − θν − σ 2 ν/2),
dσ
dω
= −[(θ + σ 2 /2)/(1 − θν − σ 2 ν/2) + ω]/ν,
dν
but the dXt /dχ term in the IPA estimators for dSt /dχ above undetermined
without specifying a particular representation of {Xt }. For example, if we
chose the parameter of interest χ to be the θ parameter deﬁning the VG
process, then using the time-changed Brownian motion representation given
by (2) leads to a very simple
dXt
(ν)
= γt ,
dθ
whereas for the diﬀerence-of-gammas representation given by (3),
(μ ,ν+ )

dγ +
dXt
= t
dθ
dθ

−

(μ− ,ν− )

dγt

dθ

,

which is more complicated to compute. In this case, it is likely that both lead
to unbiased IPA estimators, but the resulting estimators would have very
diﬀerent variance properties.

3 Conclusions
In the context of Monte Carlo simulation, there is a large body of work on
variance reduction techniques and gradient estimation techniques for the usual
Gaussian/diﬀusion setting in ﬁnance, but with the exception of a few recent
results such as [25] and [1], the more general Lévy process setting is relatively
untouched. After reviewing the three main methods for simulating a VG process and presenting two recently developed bridge sampling approaches, we
just scratched the surface here in presenting the importance sampling change
of measure and introducing IPA sensitivity estimators for the Greeks in the
VG setting. In the latter case, the choice of representation plays a key role in
determining the applicability of IPA; see [13] and [10] for more on this theme.
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Appendix: Review of Basic Deﬁnitions
Here we provide the elementary characterizations of the Wiener, Poisson,
and gamma processes. (For further properties on the gamma process, see
Marc Yor’s contribution [28] in this volume.) Each of these is a Lévy process,
that is, a process of independent and stationary increments. We consider only
homogeneous Lévy processes, in which case the increments are i.i.d. Thus,
one way to diﬀerentiate among them is to specify the distribution of the
increments. For standard Brownian motion {Wt }, also known as the Wiener
process, the increments are normally distributed with zero mean and variance
equal to the size of the increment; that is, for any t,
Wt+δ − Wt ∼ N (0, δ),
where N (μ, σ ) denotes the normal (Gaussian) distribution with mean μ and
variance σ 2 . Similarly, the gamma process {γt } has gamma distributed increments; that is, for any t, γt+δ − γt ∼ Γ (δ, 1), where Γ (α, β) denotes the
gamma distribution with mean αβ and variance αβ 2 . Unlike the Wiener process, the gamma process is discontinuous, and like the Poisson process, it is
nondecreasing (since the gamma distribution has support on the positive real
(μ,ν)
}, increments are gamma
line). For the two-parameter gamma process {γt
distributed with the mean μ and variance ν both multiplied by the size of the
increment; that is, for any t,
2

(μ,ν)

(μ,ν)

γt+δ − γt

∼ Γ (δμ2 /ν, ν/μ).

The nondecreasing property makes the gamma distribution suitable as a subordinator (time change). Although the diﬀerence-of-gammas representation of
VG uses the two-parameter gamma distribution, the time-changed representation of VG uses the one-parameter version (taking μ = 1 in the two-parameter
(ν)
version), denoted here {γt }, where for any t,
(ν)

(ν)

γt+δ − γt

∼ Γ (δ/ν, ν),
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with a mean equal to the size of the increment, making it most suitable for
a time change. This is also the version of the gamma process that is used in
the following paper by Marc Yor [28] in this volume.
By the Lévy–Khintchine theorem (cf. [24, 26]), a Lévy process {Xt }, with
ﬁnite-variation jump component can be speciﬁed by its unique characteristic
function


+∞
iuXt
2 2
iux
] = exp iuat − u b t/2 + t
(e − 1)k(x)dx ,
φXt (u) = E[e
−∞

where k(x) is the Lévy density, a is the drift rate, and b is the diﬀusion coeﬃcient. The three components correspond to a deterministic drift, a continuous
Wiener process, and a pure-jump process, where intuitively the Lévy density
is a measure on the arrival rate of diﬀerent jump sizes. Note that because a
Lévy process is inﬁnitely divisible, a single time point (e.g., t = 1) suﬃces to
characterize the process, in terms of its marginal distribution at any time. In
the VG process, the drift rate (a) and diﬀusion coeﬃcient (b) are both zero,
and the process is characterized by three parameters (θ, σ, ν) that appear in
the Lévy density according to (1). The symmetric version of the VG process
given by (θ = 0),
Xt = σWγ (ν) ,
t

2

has mean 0, variance σ t, skewness 0, and kurtosis 3(1+ν), so the parameter ν
gives the excess kurtosis over Brownian motion (which has a kurtosis of 3). In
the symmetric version, the diﬀerence-of-gammas representation involves two
(independent) gamma processes with the same distribution. In the asymmetric
VG process, the parameter θ controls skewness, with a negative value giving a
fatter (heavier) left tail. Brownian motion can be obtained as a limiting case
(ν)
of the VG process, because limν→0 γt = t.

